We consider quasilinearity of the functional (h
Introduction and preliminaries
In [-] Dragomir researched functionals which arise from quasilinear functionals related to the classical inequalities. For example, he considered the functionals v log( In this paper we generalize his results. We investigate similar functionals related to an h-convex function under assumptions, which are weaker than the assumptions in the above-mentioned papers. In this introductory section, we give definitions and basic properties of several classes of functions.
Let C be a convex cone in the linear space X over F (F = R or C), namely:
(a) x, y ∈ C imply x + y ∈ C;
Let L be a real number, L = . A functional f : C → R is called L-superadditive
for any x, y ∈ C.
If L = , then a functional f is simply called superadditive (subadditive).
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Proof From s-convexity we have
The If s = , we get that f is starshaped and hence superadditive.
Here we extract some properties proved in [] , which we use in this paper. Firstly, we give a result which allows us to use weights α, β, the sum of which is not exactly  (as we have to use when we are working with convex functions) (see [, Theorem ]).
Theorem  Let I be an interval such that  ∈ I. (a) Let f be h-convex on I and f () = . If the function h is supermultiplicative, then the inequality
holds for all x, y ∈ I and all α, β >  such that α + β ≤ . 
holds for all x, y ∈ I and all α, β >  with α + β ≤ .
In fact, in the original paper [] in part (b) we have assumption that f () =  but a careful introspect of the proof gives us that non-negativity of the function f is a sufficient assumption.
The next proposition gives us a tool for generating new h-convex functions.
Proposition  Let I be an interval such that  ∈ I, and let f be a non-negative function on I. 
Proof Let us prove the first part of case (b). The function x → x s is superadditive for s ∈ [, ∞), so we have (αx
Since f is non-decreasing, we obtain
Using superadditivity again, we have α s + ( -α) s ≤ , and by the previous theorem we get
Let us prove the last part of case (b). The function x → x s is  s- -superadditive for s ∈ (, ],
s . So, these are two weights whose sum is less than or equal to , and applying Theorem  to the concave function f with arguments x s and y s , we get
Using  s- -superadditivity again, we obtain
Since f is non-decreasing, and using previous results, we have
The other cases can be proved similarly.
are concave nondecreasing functions. By the previous proposition, the functions
+x s , where s > , are non-decreasing and s-concave, but not concave. Also, if s ∈ (, ], these functions are h-concave with h(t) =  s- t s .
(ii) Another way to generate new s-convex (s-concave) functions is using of the following
(iii) Consider the function 
After considering all possibilities, we conclude that f is s-concave.
The paper is arranged as follows. In the following section we prove some results about
where is a monotone h-convex (h-concave) function. In the third section some applications of those results to the Jensen, Jensen-Mercer and Beckenbach functionals are given. Specific assumption in the third section is that the function v is additive. The fourth section is devoted to some new superadditive mappings such as the Chebyshev and Milne functionals. A characteristic assumption in that section is that v is superadditive. 
Functionals associated with monotone h-concave and h-convex functions
Proof Using L-superadditivity and K -positive homogeneity of f , we have
giving the second inequality. Similarly, we get the first inequality. Namely, using homogeneity and L-superadditivity, we get
The above-proved lemma is a generalization of a result from [] in which f is superadditive and positive homogeneous of order s. (non-increasing), then the functional η : C → R defined by
Theorem  Let h be a non-negative function which is k  -positive homogeneous. Let C be a convex cone in the linear space X, and let v
. Since v is L-superadditive, we have α + β ≤  and
The first inequality holds because is non-decreasing and L-superadditivity of g. The second inequality follows from Theorem  and h-concavity of . Next we use k  -positive homogeneity of h and finally the submultiplicativity of h. Multiplying with h(v(x + y)), we have
Hence η is k  (L)-superadditive. The proofs of the other cases follow in a similar manner.
A superadditive and non-negative functional has the following boundedness property. 
Corollary  Let h be a non-negative submultiplicative function which is k
) is a K -positive homogeneous functional and, by Theorem , it follows that η is a k  (L)-superadditive functional on C. By applying Lemma  we get the result. 
Corollary 
Proof Put in the previous corollary k
Remark  If L = , then the assumption about homogeneity of h can be omitted and the statement of Theorem  still holds, namely we get superadditivity (subadditivity) of η . If we consider the additive function v, then using the same proof (L =  and the first inequality is just equality), we get the following statements:
(i) If g is superadditive (subadditive), is h-concave and non-decreasing (non-increasing), where h is submultiplicative, then the functional η is superadditive. (ii) If g is superadditive (subadditive), is h-convex and non-increasing (non-decreasing), where h is supermultiplicative, then the functional η is subadditive. Comparing these statements with the results of Theorem  from paper [], we see that if is a non-negative function, then we have results for a wider class of functions , i.e., for h-concave or h-convex functions.
The case s  = , h(t) = t gives results for concave , as it is in [], but for v and g superadditive and s  -positive homogeneous. The case when v is only superadditive is important for applications -see the application to the Chebyshev and Milne functionals.
Moreover, Corollary  under assumptions that v is additive and As usual, the Jensen functional J : S + (n) → R is given by
In fact, J is a difference between the right-hand and the left-hand sides of the Jensen inequality for the convex function and it is a topic of investigation in many papers, see, for example, [-] 
MJ(p) ≥ J(q) ≥ mJ(p).
As an application of the results from the previous section, we have the following theorem.
Theorem  Let h be a non-negative submultiplicative function and f be convex. Let be h-concave and non-decreasing on [, ∞). Then the composite functional
is superadditive. Let, furthermore, h be k-positive homogeneous. Let p, q ∈ S + (n) and let M ≥ m >  be such that Mp ≥ q ≥ mp. Then
Proof Take v(p) = P n and g(p) = J(p). The functionals v and g are positive homogeneous, v is additive and g is superadditive. Using Theorem  we get that the composite functional η is superadditive on S + (n) and k-positive homogeneous. Hence, we apply Lemma  and get the wanted inequalities.
Remark  If h(t) = t, then we get results from []. In the same paper Dragomir discussed applications involving the Hölder and Minkowski functionals, but we leave that direction of investigation at this moment. In the rest of this section, we want to point out applications to some other Jensen-type functionals.
On the Jensen-Steffensen conditions
Now, let f be a real function on an interval I ⊆ R. In the previous theorem weights p i are non-negative and considered cone C is the cone S + (n). For some choices of points http://www.journalofinequalitiesandapplications.com/content/2014/1/30
x  , . . . , x n ∈ I, this cone can be substituted with a larger cone. Let x = (x  , . . . , x n ) be fixed monotonic n-tuple of elements from I, and let us define the set S(x, n) by
The set S(x, n) is a cone. By the Jensen-Steffensen inequality [, p.], the difference
where f is convex on I, is non-negative for each p ∈ S(x, n). Using a similar proof as for the Jensen functional on S + (n), we get that J is superadditive for a convex function f and applying Theorem  we obtain that the functional η given by () is superadditive and the corresponding boundedness property holds.
The boundedness property of the Jensen functional under the Jensen-Steffensen conditions with an additional normalizing property P n =  was proved in [] by using a different method.
Applications to the Jensen-Mercer functional
Mercer in paper [] proved the Jensen-type inequality which includes boundary points of an interval. Namely, he stated the following result, which is nowadays called the JensenMercer inequality.
The Jensen-Mercer inequality. Let p = (p  , . . . , p n ) be a non-negative n-tuple with P n = n i= p i > , and let 
It is easy to see that the functional JM is positive homogeneous, non-negative for a convex function f and non-positive for a concave function f . Superadditivity of the functional JM was considered in [] . In fact we have the following result.
Theorem  [] If f is convex, then the Jensen-Mercer functional JM is superadditive on S + (n).

If f is concave, then JM is subadditive on S + (n).
Applying results of the second section, we have the following theorem.
Theorem  Let h be a non-negative submultiplicative function, f be a convex function, and let : [, ∞) → [, ∞) be an h-concave non-decreasing function. Then the functional
is superadditive on S + (n). http://www.journalofinequalitiesandapplications.com/content/2014/1/30
Proof Consider the functionals v(p) = P n and g(p) = JM(p). The functional v is additive and g is superadditive and
Hence, by applying Theorem , we get the desired result.
Corollary  Let us suppose that the assumptions of Theorem  are fulfilled, and let h be k-positive homogeneous. If p, q ∈ S + (n) and M
The proof follows from Corollary .
Applications to the Beckenbach functional
That inequality is known as the Beckenbach inequality. Let us consider the Beckenbach functional J a,b
where p, q ∈ S + (n) and a, b, f satisfy assumptions of the Beckenbach inequality.
The above-mentioned theorem shows that J a,b (p) ≥ .
Proposition  The functional J a,b is superadditive.
Proof It yields that 
Proof Consider the functionals v(p) = P n and g(p) = J a,b (p). The functional v is additive and g is superadditive, and applying Theorem  we get that η is superadditive. The boundedness property follows from Corollary .
Case 2: function v is superadditive
In the previous section the function v was additive. Now, we will show some examples of applications with a superadditive function v.
Applications to the Chebyshev functional for sums
Let a and b be two real n-tuples. We call them similarly ordered if In the following theorem, we consider a quasilinear property of the Chebyshev functional p → T(a, b, p) . T(a, b, p) is superadditive in the variable p. If a and b are oppositely ordered real n-tuples,  then the functional T(a, b, p) is subadditive.
Theorem  If a and b are similarly ordered real n-tuples, p ≥ , then the functional
Proof Let us suppose that a and b are similarly ordered n-tuples, and let us consider a sum  T(a, b, p + q) -T(a, b, p) -T(a, b, q) . We have
After simple calculation we get
Since p and q are non-negative and a and b are similarly ordered, we have 
(ii) If a and b are oppositely ordered, then the functional T(a, b, p) . These functionals are positive homogeneous of order  and superadditive. By Theorem  with L =  we have that η is superadditive, and by Corollary  for the functional η we obtain inequality ().
If a and b are oppositely ordered, then the functional -T(a, b, p) is superadditive and non-negative, and we proceed as in the proof of case (i).
Remark  If (x) = x, i.e., h(t) = t, k(t) = t, and if a and b are similarly ordered n-tuples, then for p, q such that Mp ≥ q ≥ mp, we get
If p ≥ q, i.e., M = , then from the above inequalities we get the following property of monotonicity:
If a and b are oppositely ordered, then the reversed inequalities in () and () hold.
we can use the above monotonicity to obtain the following result.
Corollary  If a and b are similarly ordered n-tuples and p
If a and b are oppositely ordered, then the reversed inequalities in the above inequalities hold with substitution max → min in the second result.
The Chebyshev functional for integrals
Let f , g be real functions on I = [a, b]. Let S + (I) be the cone of non-negative functions p on I such that p, pf , pg and pfg are integrable. Denote
The Chebyshev inequality for integrals states that T(f , g, p) ≥  when f and g are similarly ordered, i.e.,
If f and g are oppositely ordered, then T(f , g, p) ≤ . It is known that the following identity holds:
Using that identity, we obtain that 
Proof Let the function v be defined by v(p) = ( 
we obtain the wanted inequality.
Remark  If (x) = x, i.e., h(t) = t, k(t) = t, and if the functions f and g are similarly ordered, then for p, q ∈ S + (I) such that
.
e., M = , then from the above inequalities we get the following property of monotonicity:
If f and g are oppositely ordered, then the reversed inequalities hold. 
Applications to the Milne functional
